ABSTRACT. For principal congruence subgroups of levels 2 and 4 a basis for their cusp forms consisting of monomials of theta constants is displayed. Some conditions for the vanishing of Poincarë series of these groups are found.
1. The group T(n,2n). Let T(l) denote the group of 2x2 matrices with rational integer coefficients and determinant 1. If « is a positive integer let T(n) denote the principal congruence subgroup of level n, that is, the subgroup of T(l) defined by the condition M=l2modn.
Also, let T(n,2ri) denote the set of all matrices M in T(l) defined by the conditions M=\2 mod n, cd = ab = 0 mod 2n where M = (° £).
In [2, p. 222] it is proved that for n an even positive integer, T(n, 2ri) is a normal subgroup of F(n) and its index in T(n) is 4.
If G is any subgroup of T(l) we shall denote G' the corresponding inhomogeneous group, that is, the group of linear fractional transformations l\z) = (az + b)l(cz + d) where (° a) is in G. Thus, if « = 1 or n = 2 then r(n)' = T(n)/(± 12) and if n > 2 then r(n)' s T(n). Again, if n = 1 or n = 2 then Tin, 2n)' =• T(«, 2n)/(± 12) and if n > 2 then T(m, 2«)' s r(n, 2m). Thus for all positive even n r(n)'/r(n, 2n)' = r(n)/T(n, 2n) and T(n, 2n)' is a normal subgroup of T(n)' of index 4. Now the index of T(«)' in T(l)' is known to be ^«3II(1 -1/p2) where in the product p runs through all primes dividing n. Thus the index of T(n, 2n)' in T(l)' is [r(l)' : r(«)']LT(«)' : P(S, 2«)'] = 2«3I"ftl ' 1/p2).
It is known that the genus of the Riemann surface associated with a normal subgroup G of index h > 4 in T(l)' is given by the formula genus (G) = 1 + h(n0 -6)/12w0 where n0 is the smallest positive integer such that z +■ z + s is in G. For G = T(n, 2«)' we see by its definition that n0 = 2n and so we have established that genus(T(«, 2n)') = 1 + n2(n -3)11(1 " l/P2)/6.
2. Modular forms for T(n, 2n). Let G be a subgroup of T(l) of finite index and let fc be a nonnegative integer. By a modular form of weight fc for G we mean a holomorphic function fiz) in the upper half plane and at the parabolic vertices (cusps) of G such that for all M(z) in G' we have f(M(z)) = (cz + d)kfiz). Let A(G)k denote the vector space over C of modular forms of weight fc. By a cusp form of G of weight fc we mean an element of A(G)k which vanishes at the parabolic vertices of G. Let C(G)k denote the subspace of cusp forms of weight fc.
We now use a standard procedure to compute Dim A(G)k and Dim C(G)k for the special group T(n, 2n), n even and positive. For the case G = T(n,2n) we know g by §1. Moreover T(n,2n), n even and positive, has no elliptic points because an elliptic transformation (az + b)l(cz + d) must satisfy \a + d\ < 2, c ¥" 0. Finally, to compute o(G) we observe that o(G) for any group G of finite index can be found as follows: Let r(l)' = \JM¡G', I < i < t, be a coset decomposition of G' in r(l)'. Then a(G) is the number of distinct second rows in Mx, • • • , Mt. In § 1 we saw that \T(n)' : T(n, 2n)'] = 4. It is then easily seen that the coset decomposition T(n, 2m)' in T(n)' has the following 4 matrices as a system of representatives:
Thus, if (¡! ¿) runs through a representative system for the cosets of F(n)' in T(l)' we get the following representative system for the cosets of r(M, 2ri)' in r(l)':
Observing that the second rows of the first 2 are the same and that the second rows of the last 2 are the same we conclude that the number of distinct second rows in the representative system for Y(n, 2ri)' in r(n)' is twice that of T(n)' in T(l)'. The latter is known to be &m2II(1 -1/p2). Hence aÇT(n, 2n)) = n2U(l -lip2). Putting together the above information gives: Theorem 1. Let n be an even positive integer. Proof. We define the type of a monomial x 1y 2z 3 to be the set {nx, n2, n3}, where nx,n2,n3
are not necessarily distinct, where some are possibly 0, and where their ordering is irrelevant. (Thus x2y3z2 and x3y2z2 have the same type (2, 3, 2).) We claim that a necessary and sufficient condition Lemma. Z,er r be an even positive integer and let {ma} be 2fc characteristics such that mamoA\ is in Gr. Then the Fourier expansion of \lfê.xdm with respect to the group T(r2,2r2) is given by where g and p are homogeneous polynomials of degree 4fc and 4fc -4 respectively. Thus, g(x, y, z) involves z (also x and y) to the degree > 4. Thus any collection xaybzc, a + b + c = 4fc, a, b > 0, 1 < c < 3 is linearly independent. Moreover, if we throw into this set the monomials x'y^z4, i +j + 4 = 4fc, /, / > 0, then the entire set is linearly independent. Otherwise g(x, y, z) = p(x, y, z)(x4 -y4 -z4) and since 4 is the highest power of z in g(x, y, z) we see that p is a polynomial in x and y only. So the polynomials px4, py4 in g do not involve z and so the dependency relation is not among the monomials in the statement (which involve z). 
